A CHIRAL BOREL-WEIL-BOTT THEOREM 



T.ARAKAWA AND F.MALIKOV 



Abstract. We compute the cohomology of modules over the algebra of twisted 
chiral differential operators over the flag manifold. This is applied to (1) find- 
ing the character of G-integrable irreducible highest weight modules over the 
affine Lie algebra at the critical level, and (2) computing a certain elliptic genus 
of the flag manifold. The main tool is a result that interprets the Drinfeld- 
Sokolov reduction as a derived functor. 

1. Introduction and the main result 

Let G be a simple complex Lie group, g = n+ © f) © n_ its Lie algebra, X 
the corresponding flag manifold. If A £ I)* is an integer weight, denote by Cx the 
corresponding invertible G-equivariant sheaf of Ox-modules and by 2?^ the algebra 
of twisted differential operators acting on Cx. The action of q on Cx defines a Lie 
algebra morphism 

(1.1) 0^r(x,p^) 

and a localization functor [BBl] 

(1.2) A : 0-Mod ^ P^-Mod, A(yl) = 2?^ ©g .4, 

which has proved of essence in representation theory and served as a template in 
modern mathematical physics. 

From various points of view, it is important to find a reasonable analogue of 
functor (1.2) in the case of the affine Lie algebra, g, a universal central extension of 
the loop algebra q ® C[t, t~^]. Various approaches have been developed, see papers 
such as [Kasli, KashTanl, KasliTan2, BD2, FGl], all valuable in many respects 
yet deficient one way or another. We would like to explore yet another proposal, 
which is based on consistently replacing the notions of Lie or associative algebras 
with that of a vertex algebra. This approach is not a panacea either, but it does 
lead to a pleasing result, and it gives answers to a few natural questions arising 
independently of vertex algebras (characters of irreducible g-modules at the critical 
level) or even representation theory (elliptic genera attached to flag manifolds). 

Constructed in [MSV] is a sheaf of vertex algebras, V'^x ^ known also as an algebra 
of chiral differential operators (CDO); this is an analogue of "Dx = T^'x- Recently, a 
sheaf of twisted chiral differential operators, 2?^'*'", was proposed [ACliM]; it is an 
analogue of not so much 2?^- as of its universal version, where, roughly speaking, A 
becomes a variable. An analogue of (1.1) is a vertex algebra morphism 

(1.3) 7r:y_^v(0)^r(A,2?^'''*'"), 

where l^-/iv(g) is the vertex algebra attached to g at the critical level —h^ . 
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It is a peculiar property of the critical level that VL/jv (g) acquires a big center 
3(1^-/1^(3)) C T^-/iv(g), a fundamental result of Feigin and Frenkel, [FF2, Fl, F3]. 
Analogously, the center of the vertex algebra T{X,'D'^'^^) equals Hx, a commuta- 
tive vertex algebra of differential polynomials on t)* . Restricting morphism (1.3) to 
the center one obtains 

(1.4) 7r{i{V.hA3))cHx. 

It is clear that a 1-dimensional representation of Hx is the same as a Laurent 
series i'{z) G ()*((z)). Let us introduce I?^?'*"'— Modi,(z), the category of (sheaves of) 
2?^'*"'-modules such that Hx acts according to i/{z) £ f)*((z)). This is a reasonable 
analogue of 2?;^— Mod. 

For each i^{z) ~ i'q/z + z/_i + z/_2-z + • ■ ■ , there is a functor [ACliM] 

(1.5) Zhu^(^,-) : 2?^" -Mod X>;^''*"'-Mod^(^). 

In fact, one can prove [ACliM], if some extra assumptions hold, that 2?^'*'"— Mody(z) 
has more than one, trivial, object if and only if 1/(2;) is as demanded, and if so, then 
the functor Zhu^(^z) is an equivalence of categories. 
Now form the composition 

(1.6) Zhu^(^) o A : fl-Mod ^ Vf'*"" -Mod^(^^y 

By virtue of (1.3,1.4), for each A S g— Mod, Zhu^(^z) ° A(^) is a sheaf of V-h'^{g)- 
niodules, hence g-modules, with central character i^(z) o tt, see (1.4), and one can 
think of Zhu,^(^z) ° ^(^) as a localization of T{X, Zhu^(z) ° ^(^))- This is why 
Zhu^(^2} ° ^ can be regarded as an afhne version of (1.2). 

Thus various A € g— Mod serve to localize various g-modules. For example, if 
i>Q is dominant, and M^^ is the corresponding contragredient Verma module, then 
Zhu^(^z) ° ^(^^^0) is a localization of the Wakimoto module of critical level with 
highest weight i/q, [FF2, Fl, F3, W]. 

The most interesting example of such localization occurs when i/q is a regular 
dominant integral weight and V^o is the simple (finite dimensional) g-module with 
highest weight i^q. In this case, Zhu^(^z) ° ^(^^o) is a G-equivariant sheaf, and 
so r(A', Zhujj^z^ o A{V^g)) is an object of g — Mod^^^^*']^, the category of those g- 
niodules at the critical level with central character j/(z) o tt, where the action can 
be integrated to an action of G[[t]]. 

In the impressive series of papers [FGl, FG2, FG3], Frenkel and Gaitsgory prove 
that g — Mod^^'j,*'^^ is a semi-simple category with a unique simple object, V^(£), 
the Weyl module with highest weight vq quotiented out by the central character 
^{z)^. It follows that the cohomology H^{X,Zhu^(^z) ° ^(K/q)) is a direct sum of 
a number of copies of V^j^). Here is the main result of the paper. 

Theorem 1.1. Denote by Cj^^-^ the sheaf Zhu^i^^-) o A{V^g) and let 

dimX 

x{c%^)^ J2{-iychH\xx:l^), 

i=0 

where ch stands for the formal character, cf.(3.12). Then 

(1) xiCtl)) - E (-l)'('")e-°- X n (1 - e-^)-\ 
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(2) H\X,Cl\^^) ^ ®^6H',i(»)=.V.(.)[(^^o -woy^^p^)], 

where W is the Weyl group of Q, l{w) is the length of w & W, and V^^f^) [m] stands 
/or Vy(2) '^■s a Q-module with conformal filtration shifted by m, cf.sect. 3.1.5. 



This result is an extension (perhaps one can say "chirahzation" ) of the Borcl- 
Weil-Bott theorem, 

' Ko iii = 
otherwise, 



where C^^ ~ A{V^g) is the G-equivariant Une bundle attached to the highest weight 
j/q; note the appearance of the higher cohomology in our situation. 

Theorem 1.1 (1) considerably simplifies in the limit when e" i-^ 1, e^^ ^ q 
(homogeneous grading) : 

4-00 

(1.7) xi^tU^l) = dimKo g^r^". 

The assertions of Theorem 1.1 can be interpreted as solutions of problems stated 
independently of chiral differential operator algebra theory and interesting in their 
own right. 

One such interpretation is the following character formula. 
Corollary 1.2. 

J2 (— l)^('^)e™°'''' 
wew 



chV 



Note that the homogeneous grading specialization (e" i— > 1, e ^ q) again 
makes this formula into an infinite product 

(1.8) dim,V,(,) = dimKo 11(1 - q^)-2" _ ^(.o+p,«-))-i. 

j=l aeA+ 

We would like to point out that this character formula is not new: in the case of 
sl2 it was worked out in [J\l]; in the full generality it was first recorded in [A4]; and 
it immediately follows from Theorem 5 and formula (5.3) of [FCt2]. Our point is 
not so much the formula itself but the fact that it nicely fits in and follows from 
the proposed geometric framework. 

To obtain another interpretation, introduce the following generating function of 
locally free sheaves over X: 

(1.9) f A = /:a ® (®5JLi (©^^.o'z"™^'"^^)) ® (®,T=i (®,T=o9"'"^"f^x)) 

Formally expanding out we obtain 

£x= C\ + qSx^i + q^£\,2 H 

Now define 

x{£x, q) = x(A) + qx{£x,i) + g'x(^A,2) + • • • e 

where x{^\,n) = '^i{—^y<^vciiH'^{X,£\^n), the Euler characteristic of £\^n- 
It is easy to show, following [BL], that 



On the other hand, it is known, [BL], see also some explanations in [CiM], that 
x{^t'{z)'l) ^ version of elliptic genus of X. More precisely, an elliptic genus 
gQ{X,q) is attached [HB.J] to a formal power series in x, Q{X), that may also 
depend, as it does in our situation, on q. We have (letting for simplicity I'iz) = 0) 

oc 
n— 1 

An alternative physics interpretation is obtained by recalling that Witten [Witt] 
has identified the cohomology vertex algebra H'^i^, ^1y^z)=o^ with the chiral 
algebra of an appropriate (0, 2)-supersymmetric sigma- model on X. It follows that 
X{^o/z' l) ^^^'^ index of the corresponding Dirac operator on the loop space CX: 

x{Cf/,,q)=lnd{Ip,CX). 

Theorem 1.1 (1), or rather its corollary (1.7), is then a computation of either of 
these three, defined differently if at all but equal to each other, quantities. 

Note also that all coefficients of the genus computed in (1.7) happen to be posi- 
tive. This is a bit mysterious; more examples of this positivity phenomenon can be 
foimd in [GM]. 

As an aside, we would like to mention that the problem of computing the coho- 
mology groups -ff'(X, < i < dimX, has been around since [MSV], where 

what is denoted here by was introduced and the cohomology found in the case 
of = sl2- The cohomological dimension zero case of the problem was worked out 
in [AC'liAI]. Also proved in [AChM] is an extension of Theorem 1.1 to not neces- 
sarily dominant highest weights vq in the case where q = sl2', this is based on the 
earlier work [M]. 

Our proof of Theorem 1.1 involves the study of the Drinfeld-Sokolov reduction 
on an appropriate category O at the critical level. The result we obtain may be 
of interest in its own right. The Drinfeld-Sokolov reduction is a version of semi- 
infinite cohomology. The latter has been known since its inception in [Foi'j,] to be 
a mixture of homology and cohomology; a refined treatment of this phenomenon 
can be found in [\']. We find, somewhat unexpectedly, that the Drinfeld-Sokolov 
reduction, H'^g^^' {Ln+,'!), is more like homology (cf. [Al, A3]): 

• the functor i/^/^+*(Ln+, ?) if i > 0; 

• the functor iJ^^^ (in+ , ?) is right exact, and the class of modules with 
Verma filtration is adapted to this functor; and 

• H'^g^ *(Ln+, ?), i > 0, is isomorphic to the derived functor L'i7^^^^"(in+, ?). 

This is recorded in the main body of the text as Theorem 3.4. 

2. Vertex algebras and chiral differential operators: examples 

We will work over C; all vector spaces will actually be vector superspaces; if V 
is a vector space, a € V, then by a we shall denote the parity of a. 



2.1. Examples of vertex algebras. 
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2.1.1. Definition of a vertex algebra. A field on a vector space 1^ is a formal series 
a{z) = ^a(„)Z-"-i e (Endy)[[z,z-i]] 

such that for any v £ V one has a(„)U = if n 3> 0. 
Let Fields{V) denote the space of all fields on V. 
A vertex algebra is a vector space V with the following data: 

• a linear map Y -.V ^ Fields{V), V 3 a a{z) ~ X^nez '^in)Z~"~^ 

• an even vector 1 £ 1/, called vacuum vector 

• a linear operator 9 : F called translation operator 
that satisfy the following axioms: 

(1) (Translation Covariance) 

{da){z) = dza{z) 

(2) (Vacuum) 

l(z) = id ; 

a{z)\0) e V[[z]] and a(_i)|0) = a 

(3) (Borcherds identity) 

m 



j>0 



= X!(^-'-)"' ( o ){«(m+n-i)^(fc+j) ^ (-l)"^''''^(n+fc-i)a(m+j)} 

A vertex algebra V is graded if y = ©ri>oV^ and for a E Vi, b E Vj we have 

for all fc G Z. (We put = for i < 0.) 

We say that a vector v G has conformal weight m and write A^, = m. 

If w e Vm we denote Wfe = this is the so-called conformal weight 

notation for operators. One has 

VkVm C Vrn-k- 

A morphism of vertex algebras is a map f : V ^ W that preserves vacuum and 
satisfies /(«(„)«') = /(«)(„)/(«')■ 

2.1.2. Vertex algebra modules. A module over a vertex algebra 1^ is a vector space 
M together with a map 

(2.2) Y^^ -.V^ FieldsiM), a Y^\a, 2) = ^ af 



that satisfy the following axioms: 

(1) 10)^(z)=idM 

(2) (Borcherds identity) 
J 



(2-3) E («(n+.)^)f 



]>0 



m-\'k—j) 



j>0 ^"'^ 



Note that we have unburdened the notation by letting 

A module M over a graded vertex algebra V is called graded if AI = 0ri>o-^^n 
with VkMi C Mi^k (assuming Af„ = for negative n). 

A morphism of modules over a vertex algebra 1^ is a map f : M N that 
satisfies f[v^^-^m) = v^^-^f{m) for w g 1^, m G M. f is homogeneous if f{Mk) C A^fe 
for all /c. 

2.1.3. Commutative vertex algebras. A vertex algebra is said to be commutative if 
a(„)6 = for a, 6 in y and n > 0. It is known that a commutative vertex algebra 
is the same as a commutative associative algebra with derivation. 

If is a vector space we denote by Hw the algebra of differential polynomials 
on W . As an associative algebra it is a polynomial algebra in variables Xi, dxi, 
d^'^^Xi, . . . where {xi} is a basis of W* . A commutative vertex algebra structure 
on Hw is uniquely determined by attaching the field x{z) = e^^Xi to each Xi. 

Hw is equipped with grading such that 

(2.4) iHw)o^C, iHw)i^W*. 

2.1 A. Beta-gamma system or a CDO over an affine space. Let [/ be a purely even 
vector space, {xi} C U* and {di} C U, 1 < i < N, a. pair of dual bases. Denote 
by 'D'^^{U) the vertex algebra that is generated by the vector space U ®U* and 
relations 

(2.5) Xi(n)Xj = di(^n)9j = di(^n+i}Xj = if n > 0, d,(^o)Xj = 

The Borchcrds identity (2.1) implies the following commutation relations 

(2.6) [Xi(m)iXj(n)] = [<9j(,„), ^^(n)] = 0, [di(^m) , X j (n)] = SijSm,-n+l- 

This suggests an index shift din = di{n)i ^in = 2;i(„_i), which allows to beautify 
the last relation as follows 

As a vector space, 2?'^''(?7) is freely generated from 1 by the family of pairwise 
commuting operators <9m_i, Xin with n <0. Thus 

(2.8) V^'^iU) ^C[d^n-i,x^n;n<0,l<ij <Nl 1 ^ 1 £ C. 

This vertex algebra is graded so that the degree of operators dim Xin is {—n). 
In particular, 
(2.9) 

N 

V-'^{U)o^C[xio,-,XNo], 2?^''(C/)i =0(x-,,-i2?^''(C")o®a„_iP'='HC")o). 

i=i 

We tend to think of Xjol as the function xj on U, dj^^il as the vector field d/dxj, 

Xj^ 1 as the differential form dxj so that 'D'^^{U)q is identified with functions on 

U and D°''(C")i becomes Tu{U) ffi flu{U). We shall soon make more sense out of 
this interpretation; in particular, we shall see that V'^^{U) is the space of global 
sections of a sheaf of chiral differential operators (CDO) over U, V^, and that the 
latter direct sum is a result of making choices, but the exact sequence 

(2.10) ^nu{U) ^V'^U)! ^Tu{U) ^0 
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is natural; here ilj/(C/) — ^ is defined by 

f{xi, ...XN)dx.j (-^ Xj,^if{xw, ...XNo)1, 

and V^'^{U)i Tu{U) is defined by 

Xj-if{xw, ...xno)! h-^ 0, _i/(xio, ...xjvo)! /(a;io, ■■■XNo)d/dxj. 

It is quite clear that the assignment U t-^ ^''■{U) defines a functor on the 
category of affine spaces with affine isomorphisms for morphisms; in other words, a 
change of variables Xi i— > UigXg + hi canonically lifts to an isomorphism of 'D'^^{U). 

2.1.5. A super-version: Clifford algebra. The discussion in sect. 2.1.4 is easily car- 
ried over to the case where the purely even U is replaced with a supervector space 
of dimension A/|iV. We shall need the example of dimension 0| A^, so we define the 
Clifford vertex algebra, Cl{U), to be a vertex superalgebra that is generated by the 
purely odd vector space U ®U* and relations 

(2.11) 0*„)r = = = if n>0, 0(0)0* = <f>eu,reu*. 

Upon introducing 0„ — 0(„), 0* = the last relation becomes 

(2.12) [0m,0*] = (0, 0*)(5m 

As a vector space, Cl{U) is freely generated from 1 by the family of pairwise 
commuting operators 0i„_i, (/)*„ with n < 0; here {(pi} and {0*} is a pair of dual 
bases. Thus 

Cl{U) ^ C[0™_i, 0*„; n < 0, 1 < i,] < N]l, 

where the polynomial ring is regarded as a superpolynomial ring, all generators 
being odd. 

The functoriality oi U i-^ Cl{U) is obvious. 

2.1.6. Affine vertex algebras. Let g be a simple Lie algebra and (., .) : S^g — > C the 
normalized invariant bilinear form on g, i.e., the form such that square of the length 
of the longest root w.r.t the bilinear form induced on the dual Cartan subalgebra 
is 2. The affine Lie algebra q associated with q and (., .) is a central extension of 
(g) C[f, t~^] + CK with bracket 

[x (g) i", y t™] = [x, y] ® t"+" + J„+™,o(x, y). 

Denote by Vk{g) the vertex algebra generated by g with relations 

(2.13) X(^o)y = [x, y], X(i^y = k{x, y). 

Denote by §> the subalgebra g ® C[f] Cfc and by its 1-dimensional module, 
where g C[t] acts as and K k. One has 

(2.14) 14(0) ^Ind|^ Cfc. 

The field attached to a:: G g is x{z) = J2n£Z XnZ~"~^, where Xn stands for x^t^ S g 
and is regarded as an operator acting on Ind|^Cfc. 

Vfe (g) is a graded vertex algebra, Vk (g) = ©„>o Vfc (fl)™ , the grading being uniquely 

dcf 

determined by the condition that the conformal weig ht of 1 ^ 1 Cfc be 0, and 
the corresponding degree of Xn be (— n). 

One can likewise define a vertex algebra associated with any Lie algebra a and 
an invariant bilinear form on it, (.,.). Since in general there is no distinguished such 

7 



form, not even up to proportionality, we shall use the notation !/( )(a), or Vo(a) if 

(.,.) = o. 



2.2. Wakimoto modules and algebras of chiral differential operators. Let 

G be a simple connected complex Lie group, g the corresponding Lie algebra, 
= n+ © [} © n_ a triangular decomposition, B, B- resp., the subgroups of G 
corresponding to n+ © f), n_ © [} resp., U, ?7_ the maximal unipotent subgroups of 
B and i3_ resp. We will be interested in the flag manifold of G to be denoted by 
X and realized as G/B^. 

2.2.1. Feigin-Frenkel- Wakimoto bozonization. The natural action G x G/B^ — > 
G I i?_ defines a Lie algebra homomorphism 



Denote by A-|_ the set of positive (relative to the fixed triangular decomposition) 
roots of g. Let vj{x\j^) C g be the maximal nilpotent subalgebra spanned by the root 
vectors with roots in u'(A_|_), w being any element of the Weyl group W . The flag 
manifold has an atlas consisting of [/"'-orbits, C/™ [wB- ) , where C/"' is the maximal 
unipotent subgroup associated to w(n+). Each such orbit is a [/'"-torsor, and in 
order to simplify the notation, we will identify C/™ with (wB^ ) by sending id in 
the former to wB- in the latter. 

Morphism (2.15) defines morphisms 



Enter the vertex algebra 'D'^^{U^), sect. 2.1.4. Since T4(g) is generated by g, see 
sect. 2.1.6, it is natural to ask whether (2.16) can be lifted to a vertex algebra 
morphism V/c(g) — > 'D'^^[U'^). Note that (2.10) implies a hfting is determined by 
(2.16) modulo r(C/'", fic/™). 

The answer is 'yes' but only for k = —hy, minus the dual Coxeter number. This 
is the content of an important result of Feigin and Frenkel (building on earlier work 
of Wakimoto [W].) 



Theorem 2.1. (^FFl, F3]; There is a unique lift of (2.16) to q ^ V''^{U'^)i that 
extends to a vertex algebra morphism 



It is a striking feature of the critical level k — that at this level T^-/iv(g) 
acquires a big center, another important result of Feigin and Frenkel. 

Theorem 2.2. (^FF2, F3]; 

(1) There are elements pi £ l^_/iv(g)^. , I < i < rkg, such that 3(l^-/iv(g)) is 
generated by {pi, ...,pr}. 

(2) As a vertex algebra, 3(g) =' 3(^^-/1^(9)) is isomorphic to the algebra of dif- 
ferential polynomials on a rkQ- dimensional space. 

A useful complement to Theorem 2.1, also due to Feigin and Frenkel, is that 



(2.15) 



Q^T{X,Tx). 



(2.16) 



g^r((7^",Tx), w€W. 



(2.17) 7r,„:y_,v(g)^ ©-'«([/"'). 
The center of a vertex algebra V is defined to be 

(2.18) i{V) = {v£ Vs.t.v^,,)V = 0, n > 0}. 



(2.19) 



8 



2.2.2. A CDO over the flag manifold. Since is an affinc space, the discussion 
in sect. 2.1.4 allows us to attach to each [7™ a vertex algebra V^^iU'"). We shall 
now sec how these can be glued together into a sheaf over X. 

First of all, we observe [MSV] that there is a sheaf over JJ™ of which V'^U"^) is 
the space of global sections. For each polynomial / e C[C/'"'], let Uy be the Zariski 
open subset of [7™ obtained by deleting the zero locus {/ = 0}. Define 

which makes sense due to (2.8), where we identifiy, as promised, C[xio, xnq] with 
C[xi,...,xn]=C[U]. 

The fact of the matter is the remark, proved in [MSV] and going back to Fcigin, 
that the vertex algebra structure on ^^{U"^) extends to that on V''^{Uj!'). It is 
clear that the assignment Y i-^ V^^iY) is a sheaf of graded vertex algebras on [7™ 
such that its space of global sections is 'D'^^{U'^). Denote this sheaf T>'fj^ \ this is a 
CDO over [/'". 

In this setting, (2.10) reads 

In fact, by construction, this extension is split, but this splitting is not natural, as 
we shall see in a second. In any case, it defines a filtration, Vtjjii' C (2?JjL)i, and 
the corresponding Gr(r'^^)i = riu^" © Tu^ . 

Now recall that {f/™} is an atlas of X, and there are transition functions 

We would hke to lift them to the CDOs P^'L ,weW. 
Theorem 2.3. (1) There exist ^--isomorphisms 

Pwv ■ (^'lt™ If/^nc/")! — > (^cf" Ic/^nc/")! 

that satisfy 

(a) they uniquely extend to vertex algebra isomorphisms 

(b) they preserve the filtration and the corresponding graded morphisms equal the 
classical Pwv? 

(c) the cocycle condition, /5^,„ = /5„„ o p^^, holds on triple intersections U^' fl 

c/^ nc/". 

(2) OverX, there is a CDO, V-^ , such that TiU"" ,V';^) = V'^iU'") and 
are transition functions. 

(3) The vertex algebra morphisms (2.17) are compatible with {pwu} and define a 
vertex algebra morphism 

7T : V.^.iQ) -> r(X,I?f ), ^(3(F_^v(g)) = 0. 

(4) The transition functions {pwv} are not unique but the equivalence class of the 
corresponding CDO is independent of the choice [GMS2]. 

Note that the transition functions {pwu} are not Ox-linear, and so Vj^ is not 
a sheaf of Ox-modules, but the filtration on (2?x )i extends to the entire so 
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that the corrcspondmg graded object is a sheaf of locally trivial Ojf -modules. We 
have, cf. (1.9), 



(2.20) GrVf ^ (®- 1 (©^^=09""^"^^)) ® i®n=i (®;^=o9"™^'"f^x)) 

2.2.3. Wakimoto modules of critical level. By pull-back, V'^^{U^'^) is a T^_/iv(g)- 
module, hence a g-module. According to (2.19 ), the center operates on T>'^^{U^'^) 
as 0; we shall call this module, following [FFl, F3], the Wakimoto module of critical 
level and zero central character and denote it by W^(2)=o- 

2.2.4. A universal twisted CDO over the flag manifold. The constructions of sect. 2.2.2 
can be, rougly speaking, deformed. For each integral weight A G P G [)*, denote by 
Cx the corresponding G-equivariant invertible sheaf. The action of G determines a 
Lie algebra morphism 

(2.21) 0^r(X,P^), 

where is the algebra of (twisted) differential operators acting on C\ . Trivializing 
C\ over [Z™, the latter morphism becomes 

Q^T{U'",Tx)®T{U^,Ox)- 

It is clear that the choices can be made to ensure that this morphism depepends 
on A polynomially, cf. a similar discussion in [BB2], sect. 2.5. Thus we obtain a 
morphism 

(2.22) ^ r(c/"', Tx) ® r(c/'". Ox) ® c[r]. 

A vertex algebra version of this is as follows. Let Hx be the commutative vertex 
algebra of differential polynomials on f)*, sect. 2.1.3; this is an analogue of C[[)*]. 
Feigin and Frenkel proved [FFl, F3] that (2.22) extends, for each w, to a vertex 
algebra morphism 

(2.23) TT^ : V-h.{Q)^V'''{U''')®Hx s.t. TT^\^(y_^,f^^)y. liV^hA^)) ^ Hx, 

where V^^iU"^) ® Hx is the result of the well-known operation of tensor product of 
vertex algebras, see e.g.[K]. Note that the first assertion of (2.23) is a reasonably 
easy consequence of (2.17), [FBZ]. 

In this case, too, the morphisms tt^, can be arranged into a single morphism from 
VL/iv(g) to a certain sheaf of twisted chiral differential operators (TCDO), I?^'*"". 

Theorem 2.4. (^ACliM]; There is a sheaf V^'*"" , over X such that 

(1) TiU"^ ^V^'*"") is isomorphic to V^'^{U'") ® Hx; 

(2) the tautological embeddings Hx ^ P'^'' ([/"') (g) Hx define an embedding 
Hx ^ T^'x '™ constant subsheaf; furthermore, this makes Hx the center 

ofT^x / 

(3) isomorphic to p^'*"' modulo the ideal generated by Hx; 

(4) the morphisms (2.23) define a vertex algebra morphism 

TT : V.h^{q) ^ T{X,vf^') s.t. ^(3(y_„v(g)) c Hx. 
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2.2.5. Wakimoto modules. By pull-back, each r(?7"', T)'^'*'") is a V-h"^ (g)-, hence g- 
niodule. Call, following [FFl, F3], r(t/"^, P^'*"") a Wakimoto module with highest 
weight (0, —h^) and denote it by Wo,-/iV. 

Note that Wo,-/iv is different from a closely related Wakimoto module of critical 
level and zero central character W^(^)=o introduced in sect. 2.2.3: Wo,-^^ are bigger 
than W^(j,)=o because they contain Hx and, unlike W^(^z)=Oi can be deformed away 
from the critical level. 

2.2.6. Modules over the twisted CDO. The twisted CDO p^'*^ is a deformation 
of only morally: the vertex algebra axioms resist letting p € Hx be a number. 
The situation changes pleasingly upon passing to I?^'*"'-modules, where we shall 
at once get families of modules depending on rkg functional parameters. 

We will call a sheaf of vector spaces A4 a V^'*^ -module if 

(1) for each open C/ C X is a r(C/, I?^'*"')-module; 

(2) the restriction morphisms r{U, M) -> T{V, M),V CU, are are T{U, Vp*"")- 
module morphisms, where the T{U, I?^'*"')-module structure on r(y, M) is that of 
the pull-back w.r.t. to the restriction map T{U,V*^) r{V,V*^); 

(3) A4 is filtered, i.e., there is an increasing sequence of subsheaves 

(2.24) 

{F„M,n e Z}, U+~.ooF„A1„ = M, F^M C F„+iM, F^M = {0} if n « 
so that 

(2.25) ((P^^'*™),)(,)7W„ C Mj+n-i-i. 
Denote by p^'*™ — Mod the category of ^^''''"-modules. 

Since the vertex algebra Hx is commutative, its irreducibles are all 1-dimensional 
and are in 1-1 correspondence with the algebra of Laurent series with values in f)*. 
Specifically, if 1/(2) g f)*((z)), then the character Cy(2) is a 1-dimensional Hx- 
module defined by 

(2.26) v.Hx ^ Fields{C^(^^)), Hx3 A'^-'-)(z) =^ A(z^(z)), 

cf. sect. 2.1.2 and recall that Hx is the algebra of differential polynomials on f)*. 
For example, if A G f), thus A is a linear function on f)*, and i^(z) = '^nVnZ~"~^ , 
then 

z.(A)(z) = K^n)z-''-^ or i.(A)(„) = 

nGZ 

Denote by p^'*"' — Mod^(z) the full subcategory of 2)^'*'^ _ Mod consisting of 

those X'^'*'"-modules, where Hx acts according to the character v{z). 

We will say that a character v{z) G [)*((z)) has regular singularity if viz) = 

V^Z^^ + U-i + V(-2)Z -I . 

It is easy to see [AChM] that if v{z) has regular singularity, then for each G 
P^^'*"'-Mod,(,), 

SingTW {m G M s.t. t;(„)7n OVw G 2?5^''*"',n > 0} 
is naturally a I?^-module, hence a functor 

(2.27) Sing : V^-^"" - Mod^(,) ^ ~ Mod, M ^ SingTW. 
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This functor has the left adjoint [AChM] 

(2.28) Zhu^(^,^ : - Mod vf'^"" ~ Mod^(^), 

which, as the notation suggests, is closely related to Zhu's work [Zlm]. Its construc- 
tion is simple enough: define 

(2.29) Zhu{A){W") = V^iU"") ®c r(;7"', A) 

and then mimick the proof of Theorem 2.4 to glue these pieces together. In par- 
ticular, one sees that even though Zhu{A){U'^) = V'-^{U'^) (g>c T{U'^,A) appears 
graded by setting Z/iu(^)(f/"')„ = 2?^''(t/"')„(8)cr({7"',^), the actual sheaf is only 
filtered by 

(2.30) T{U^,Zhu{A)n) = (B^J^o-D'^^iU^), ®c r{U'^,A) 

Theorem 2.5. (|AC'hM] Theorem 5.2, Remark 5.4.) 
The functors 

Zhu^^^) : - Mod - Mod^(^) : Sing 

are quasiinverses of each other that establish an equivalence of categories. 

Note that for each M € p^'**" — Mod^j^), the corresponding graded object, 
GrpA^ is an object of the category A4 £ p^^*"' _ Modi,^/z. (Indeed, the character 
iy{z) = i^o/z + v^i + ■ ■ ■ is the only source of inhomogeneity, see e.g. (2.29), and 
the passage to the graded object object replaces ^{z) with vo/z^ a homogeneous 
character.) 

Having refined the filtration (2.30) further, as in the discussion that led to (2.20), 
one obtains 

(2.31) g,Zhu{A) ^A® (®jr=i (©J^=o'Z"™^™^x)) ® (®jr=i (©;^=o9"'"5'"f7;,)) , 

where we have used gTZhu{A) in place of a more logical but awkward GrGri^.A. 

We shall use Theorem 2.5 only as a source of examples of modules from p^'**" _ 
Modi,(z). 

2.2.7. Examples of V'^^'*'" -modules. To obtain examples of X'^"*'"-modules with 
central character v{z), we need a supply of -modules. For the purposes of repre- 
sentation theory, the most interesting are those I?^ -modules that are f7-equivariant, 
hence supported on a union of i7-orbits. 

dcf 

Let Xw = UwB^, w G W, iw ■ ^ X the tautological embedding, iw,+ ■ 
T>x„ — Mod — > T>x — Mod the I?-module direct image functor. We obtain a family 
of X'jf-modules, i^^+Ox^, w iw,+Ox^, is often referred to as "the module of 

distributions supported on X^,." 

The space r([/"', z^.+Oa'^), which is essentially the space of global sections, is 
easy to describe. Identify C/™ with ■i«(n+) be means of the exponential map. Let 
{xq,, a S w(A+)} be a basis of n!i_ dual to the root vector basis of n+. In this basis, 
the submanifold X^ is defined by linear equations: 

X.U, = = 0, a G i«(A+) \ A+}. 

By definition, the space T{U''" ,iw,+Ox„) is a module over the Weyl algebra (one 
generated by Xa,d / dxa, a € w(A_|_)) with one generator, 1^,, and relations 

Xalw ^ d/dxplui = if a e w{/\+) \ A+, (3 e w{A+) n A+. 
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Similarly, r(C/"', Z/iwo(i^,+Ox„ )), is a V'^U"") iJx-module with generator 
Iw and relations 

(2.32) Xa,n+i'i-w = 9a,„+iltu = 0; if a e w{A+),n > 0, 

(2.33) Xcfilw = d/dx^.fllw = if a G w{A+) \A+,(3 e w{A+) n A+, 

(2.34) (i7A')(m)lto -0 if m e Z 

All of this is easy to twist by a character i/(z) =1^0/2^ + I'-i + ■ ■ • ■ There still is 
a functor, [BB2] sect. 2. 5. 5, 

: I^xi^""^ - Mod ^ - Mod. 

This gives us a collection of -modules, iw,+iwC-uoi w G W, if is integral. Note 
that since is afhne 

(2.35) iw.+i*wCua ^ iw.+Ox^ as Ox — modules, 

but the actions of g, on the former induced by (2.21), on the latter by (2.15), are 
different. 

r{U'^' , ZhUi,(^z){'iw,+Ox^)) is a (U^) Hx-ia.odu\e with generator Iwovo and 
relations (2.32), (2.33), and the following replacement of (2.34) 

(2.36) P{n)'i-wa\ = P(!^(2))(„)1«,0A, V e Hx, 

where p(i'(z))(„) stands for ReSz=o-z"p(j^(-z)). 

By pull-back, each r([/"', Z/iw,^(2)(i„^+C'x„)) is a V-hy (fl)- hence g-module. It is 
quite clear that r(f7"^, ZhuQii^O Xi^)) is precisely the Wakimoto module of critical 
level and zero central character, W^(^)=oj that was introduced in sect. 2.2.3. We can 
now see how by passing to the twisted CDO we have gained considerable flexibility: 
denote by 

(2.37) W,(,) = r(C/'^ Z/iw,(,)(z,Ox.J); 

these are Wakimoto modules of critical level and central character v(z\ by con- 
struction, [FFl, F3]. 

Furthermore, as a quick scan of [F3], sect. 9.5.1 shows, 

(2.38) w;;(,) ''=^'r((7"',z/i7.,(,)(z^,+z;/:,j), waw, 

are the so-called w- twisted Wakimoto modules of critical level and central character 
i^(z). (Indeed, used in [F3], sect. 9.5.1 is the "/3— 7-system" , which is our 
jych^jjid-^ except that the choice of vacuum is different. To give X''^'*(C/'^) a V-h-j (g)- 
module structure, the standard morphism TTjd : V-h'^{g) 2?^''([/"^) is twisted in 
[F3], sect. 9.5.1 by the Tits lifting of -u; e C Aut([)*) to w € Aut(0). If we 
identify 2?=''(C/''i) with V^{U^) via the same w € Aut(g), see sect. 2.2.1, then, by 
definition, tTu, = tt o w~^, where tt^ comes from (2.23). According to Theorem 2.4 
(4), it is these {tt^} that 'conspire' to define a V-h'^ (g)-module structure on 2?^''*"'. 
Now the obvious observation that our choice of vacuum (2.32,2.33,2.34) is consistent 
with the one made in [F3], sect. 9.5.1 concludes this little bit of translation.) 

Lemma 2.6. 

H'\X,Zhu,^,){t^^+ilC,„)) = Qifi> 0. 
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Proof. As (2.31) shows, Zhu,y^z-^{iiu_-^^i^C^g) carries a filtration such that the 
corresponding graded object, gr^/iu^i-^j) is an Ojif- module. Further- 
more, this graded object is actually a push-forward, iw,*^^ of a locally free sheaf 
of Oxiu -modules: to obtain this sheaf simply replace in (2.31) Tx with i'^Tx, ^x 
with i^ilx, A with S'Nx^^-, where A/x,„ is the normal bundle to Xy^. 

The fact that X^, is affine implies that 

H°{X, i^^,£) = r(C/*, i^^,£), H\X, i^^,£) = if i > 0. 

An application of the standard spectral sequence associated with this filtration gives 
the assertion of Lemma 2.6 at once. □ 

3. Drinfeld-Sokolov Reduction At The Critical Level 

3.1. Categories of g- modules. A triangular decomposition g = n+ © I) © n_ 
determines a triangular decomposition g = n+ © f) © n_, cf. sect. 2.1.6, where 
i) = i) (BCK, n± is the preimage of n± w.r.t. the evaluation map g[i^^] g defined 
by letting t ^ or oo resp. 

3.1.1. Definitions of categories. Define Ok to be the category consisting of g-modules 
M that satisfy the following conditions: 

(1) weight space decomposition: if we let t)l he the subspace of f)* defined by 
the equation K = fc, then 

(3.1) M = ©^gjj. Af^, Mf, = {m e M : hm = fi{h)m, h e t)}; 

(2) local finiteness: for each m G M 

(3.2) dimC/(n+)m < oo; 

(3) conformal filtration: there exist a family of subspaces 

• • • C FnM C Fn+iM • • ■ C M, M = U„ezF„M, 
compatible with the grading of g in that 

(3.3) g (E) i"F„A/ C F„_„,Af, F„il/ = {0} if n < 

and locally finitely generated: for each rt G Z there are mi, ...,TOs such that 

s 

(3.4) F„Mc^C/(g)m,. 

If the level k = — /i^, the case we shall be interested in almost exclusively, then 
we shall use the notation Ocrit = O-h'^ . 

Condition (3.3) implies that an object of Ok is automatically a VA:(g)-module. 
Furthermore, if fc = — /i^, then by pull-back, an object of Ok is automatically a 3(g)- 
module, see Theorem 2.2. One-dimensional irreducible 3(g)-modules are nothing 
but characters, x{^)j Laurent series with values in the space dual to the linear span 
of the generating set {pi, ...,pr}. Given such x(^) = X^n X(n)-z~"~^, we have a 
3(g)-module C^j^) to be C as a vector space with action pi ^ J2ni^{n) ^ Pi) ■ 

Define O^i^z) to be a full subcategory of Ocrit consisting of modules M that 
satisfy: for each m E M and i, 1 < i < rkg, there is N such that 

(3.5) {Pi,{n) - {X{n),Pi))'^ m = 0. 
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3.1.2. Examples of Q-modules. A rich supply of objects of Ok is obtained by induc- 
tion: for each g-module M , finite dimensional or an object of appropriately defined 
O-category of g-modulcs, define 

where g[t] operates on M via the evaluation t ^ and K ^ k. In this way we 
obtain 

the Weyl module Va./c = Ind^j^j^^^ Vx, where V\ is the finite dimensional simple 
g-module with highest weight A; note that Vkio) ~ Vo,fc; 

the Verma module M^.fc = Ind^j^j^j^^Af^, where M\ = Ind^^^f^CA, the Verma 
module over g. 

The Wakimoto module Wo^_/iV, see sect. 2.2.5, belongs to Ocrit', it is obtained 
not so much by induction as by semi-infinite induction, [FBZ, F3]. 

If fc = —h"^, we can introduce restricted versions, those obtained by quoticnting 
out by a central character. For any M G Ocrit and a central character x{^)j define 

^x(2) = Wspan{(p,^(„) - {x{n),Pi)) M}. 

Thus we obtain V^(2) and M-^j^j; these are objects of 0^(z)- 

Twisted Wakimoto modules of critical level, WJJ'^^j, which were obtained via 

localization in sect. 2.2.7, are objects of C',y(z)o7r„j where v{z) o tt^, stands for the 
composition of the vertex algebra morphism '!^w\i{g), see (2.23) and the character 
i'{z) : Hx Fields{C). Note that W]^^^.) is not necessarily a quotient of some 
bigger module by a central character. 

3.1.3. Modules with a Verma flag. We shall say that M e Ok is filtered by Verma 
modules if it carries a filtration GqM C GiM C ■ • ■ , UiGiM ~ M, such that, for 
each i, GiM/Gi-iM is a direct sum of Verma modules Ma^/j, A G f)*. 

Let {vi, V2, ■■■} generate M and denote by V the ri+ © f)-submodule of M gener- 
ated by {vi,V2, ■■■}■ Define =' U{q) ^n-^^jj V. It is clear that has a filtration 
by Verma modules and projects onto M: 

P° M. 

Continuing in the same vein we obtain, for each M G Ok a resolution 

(3.6) > p-i ^ > p-i P" M 

by modules with a Verma flag. 

Now the locally finite generation condition (3.4) implies 

Lemma 3.1. For each M G Ok and any conformal filtration {F„A/} there exist a 
resolution (3.6) and conformal filtrations {F„P^-'} of all the terms so that 

(1) the differential is a morphism of filtered modules; 

(2) for each n, there is N such that F,„P~^ = {0} for all j > N , m < n. 

This is all standard, cf. [RC'W], sect. 4, and we omit the details. 

3.1.4. Action of the center and a decomposition into blocks. For generators pi , ...,Pr 
of 3(0) chosen as in Theorem 2.2, 'Fourier coefficients' can be regarded as 
elements of the completed universal enveloping algebra U{q), cf. [FBZ], sect. 4.3. 
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The conformal weight zero subalgcbra U{g)o has an ideal {U{q)U{q C[t]t))o- 
We have an obvious isomorphism 

Note that C[pi, ...,Pr] is naturally a commutative associative subalgebra of 3(g) 
w.r.t. to multiplication (-i)- 

Lemma 3.2. ([ ]) The composite map 

C[pi,...,pr] ^ 11(9)0 ^ U{2),p^pouiodiU{s)U{2^C[t]t))Q 

has the center Z(q) as its image and delivers a commutative associative algebra 
isomorphism C[pi, ...,Pr] Z{2) . 

Note that po stands for the conformal weight zero Fourier coefficient of the 
field p{z). For example, since pi has conformal weight di + I, we have Pi{z) = 
X^Ti^'i,"-^"""'^'"^' which shows that pi^ is the coefficient of z^"^'^^. 

The significance of Lemma 3.2 is that it describes the action of the center on 
Verma modules. To see this, compose the isomorphism C[pi, ■■■,Pr] — ^ with the 
classical Harish- Chandra isomorphism 6 : Z{g) C[t)*]^ to obtain an isomorphism 

(3.7) Oaff :C[pi,...,Pr]^Cm'^. 

It follows from the definition of the Verma module M^.-ztv that for each / G 
C[pi, ■■■,Pr], fn acts on Ma.-^v as if n > and as multiplication by {daf fif), ^) 
if n = 0. 

The same applies to any highest weight module, and, since any object of Ocnt has 
a filtration by highest weight modules (alternatively, use Lemma 3.1), one obtains 
a block decomposition 

(3.8) dent = 'Six]er/wdl^X^ 

where [A] = o A and oj.'^'jj is defined to be the full subcategory of modules such 
that (/o — 6aff{f){X)) acts locally nilpotently for each / € C[pi, ...,Pr]- 
Introduce a polynomial algebra 

(3.9) Z_ = C[p^,„, l<i< rk0,7i < 0]. 

Its is clear that /«, / G 3(0), > 0, acts locally nilpotently on each M G Ocrit- 
The action of /o being described by (3.8), what one needs to describe the action of 
the entire 3(g) is the action of Here is an example. 

Theorem 3.3. ([F'S], Theorem 9.5.3) Ma,-/jv is a free Z^-module. 

3.1.5. Gradings and character formulas. A conformal ffitration that M G Ok carries 
by definition, see sect. 3.1.1, is not unique. But if M is a Verma module or its 
quotient, then there are obvious choices: pick an to, declare F„M = {0} if n < to, 
FmM = Cv, where 1; G M is a highest weight vector, and Fn+mM = J7(n_)>_„D; 
here C/(n_)>_„ stands for the subspace of U{h-) spanned by xi ®t~^^ ■ ■ • xi 
with all Uj > and Uj < n. 

By default, we shall assume chosen the filtration with to = 0, i.e., with highest 
weight vector spanning FqM; we shall have a chance to refer to this ffitration as 
natural. If M is a highest weight module, we denote by M[to] this same M with 
ffitration equal to the natural one shifted by to. This explains the assertion (2) of 
Theorem 1.1. 
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In any case, given a filtration F,M of M, the graded object. grpAf , is also a g- 
niodule, the action being defined to be that on symbols. Furthermore, the canonical 
grading of grpM makes it into a graded §-module. 

This can be made a little more precise: extend § to Qext by adjoining, as usual, 
a degree derivation D so that 

[D,x(g) i"] -nx (g) t". 

Letting D act on F„M/F„_iM as multiplication by n, we make M into a Qext- 
module. This is reflected in the following q- dimension formula 

(3.10) dim^A/ = g"dimM„, 

where M„ is the eigenspace of D with eigenvalue n; the formula makes sense if all 
these spaces are finite dimensional. For example, 

oo 

(3.11) dim,VA,fe = dimVx [](1 - q^)-"'^^. 

Invoking the semi-simplicity of the action of f) , we now introduce f) * , the extension 
of t)* by the imaginary root ct, and refine (3.10) by defining the formal character, 
as it is usually done, 

(3.12) chM =^ ch(grAf) =^ ^ e"dimAf„ 

where the filtration is the natural one and M = ©^gj^.^fa is the corresponding 
weight space decomposition. 
For example, 

(3.13) chMA,fe = n (1 - ^"")"' 

The freeness result. Theorem 3.3, implies 
(3.14) 

chM^(,)=e^ n (l-e"")"'xn 11 (1 - e""-"^)-! x [] (1 - e""-"*)-!, 

a£A+ n=l a£A+ aeA_ 

where fi{z) and A must be compatible, of course: ^j.{z) = X/ z + fii + ^i2Z + • • • . 

Some modules are graded by the very construction, for example w-twisted Waki- 
moto modules with homogeneous character v{z) ~ vqI z, and so the formal character 
of WJ^^^^ does not require specification of a filtration. On the other hand, it is quite 
clear how to define a filtration on an arbitrary ui-twisted Wakimoto module so that 
its formal character coincide with that of WJ^^y^. The result is, cf. [F-H], formula 
(9.5.4), 
(3.15) 

+ CXD 

chW™(^) = 6'"°"^° (l-e-")-ixJ] J] (l-e-"-"^)-ix [| (1 - e""""*)"!. 

This, of course, coincides with the character of the restrticted Verma module (3.14) 
with highest weight \ — w o vq. 



3.2. The Drinfeld-Sokolov reduction. 
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3.2.1. Definition. Consider the vertex supcralgcbra y(n+) CE) C^(n+); cf. sect. 2.1.5 
and 2.1.6. Let {e",a G A+} be a root vector basis of 11+, {(j)a,ct G A+j its copy, 
albeit with changed parity, that appears inside CZ(n-i-), G A+} C n*^ the 
basis dual to the latter. 

Let {c"''} be the structure constants so that 

7 

The following elements of V{n+) (g) CZ(n+) are of importance 

g,, = ^ e" ® C - ^ E ^'''^(-i) ('^;(-i)07), X = E , Qds = + X, 

where {ai, a^} is the set of simple roots. Define 

dst = iQst){o),d = dst +X(o)- 

Since = xfo) = [dst,Xo)] = 0, there arise 3 differential graded vertex algebras, 
{V{n+) Cl{n+),dst), {V{n+) ® CT(n+), X(o)), iV{n+) ® CT(n+), d), with grading 
defined by setting deg0* = 1, dcg(j)a = — 1. 

Furthermore, if M is a y(n+)-module, then (M®C^(n+), dst), (M(g)CZ(n+), X(o))j 
(M (gi C?(n+),d) are differential graded modules over their respective differential 
graded vertex algebras. To emphasize the fact that all these are to be treated as 
complexes, we shall change the notation and write C°°/^+*(Ln+, M) instead of Mg) 
Cl{n+). The corresponding cohomology will be denoted as follows: iJ°°/^+*(Ln_|-, M), 
H^J^+'iLn+,M), +-(Ln+,Af). 

If, in addition, M G Ocrit and is regarded as an Ln-|--module via pull-back, then 
each of the three series of cohomology groups above is a 3(g)-module, because the 
action of the center commutes with that of in+. Thus we obtain three series of 
functors 

(3.16) H°°/'+'iLn+,7),H^J^+'{Ln+,7),H^^'+'{Ln+,7) : d,„t ^ i{&)-Mod. 

Each of these functors makes sense away from the critical level. For example, if we 
let Wk H^g^'^' {Ln+, Vfe(g)), then we obtain 

i/^/'+'(Ln+,?) : d,„t ^ Wfc-Mod. 

All of this is well known, of course: was introduced by Feigin in 

[Feig], the entrance point of the BRST business in mathematics, H^g^~^* {Ln+,1) 
is the Drinfeld-Sokolov reduction functor, proposed by Feigin and Frenkel as a tool 
to define W/t, the celebrated M^-algebra, see [FBZ, F3] and references therein. The 
Drinfeld-Sokolov reduction functor has been studied in [Al, A2, A3] in a more 
general setting. A thorough analysis of the functors (3.16) has been carried out 
recently by Frenkel and Gaitsgory [FGl, FG2, FG3]. 

3.2.2. Torus action, grading, twisted grading and filtration. Note that Cl{n+) car- 
ries a natural grading determined by the condition that the degree of 4>a,n and 0* „ 
be —n. If M G Ocrit is graded, i.e., carries an action of the extended Qext with 
diagonalizable D, cf. sect. 3.1.5, then the entire complex C°°/'^~^* {Ln+, M) acquires 
a grading, that of the tensor products of graded spaces, so that dst has degree 0. 
Therefore, this grading descends on iJ°°/^+*(I/n+, M). 
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This can be refined by noting that we ean extend an action not only of D but 
of the entire Lf) to C°°/^+*(Ln+, Af ). Consider the Unear map 

(3.17) i)^C°°'^+'{Ln+,V-H-m, h^h®l- ^ a{h)l ® (t>l^^_^)K. 

It is easy to see that it defines a vertex algebra morphism, cf.thc end of sect. 2.1.6, 

(3.18) Fo(l)) ^ C^'^+'^iLn+^V.h^iQ)), 

where the central charge has got shifted: —h^{., .) has been replaced with 0. 

Therefore, C°°/^+*(Ln+, y_/iv (g)), M £ Ocnt, is a Vb( I)) -module, and it is easy 
to see that dgt is a Vo(f))-niodule morphism. In particular, if Af is graded and 
M = ©„g^.Ma, then i?°°/2+*(Ln+, M) is also graded: 

(3.19) H^^^+'{Ln+,M) = ®^^^,H^'^+'{Ln+,M)^. 

None of this carries over to the Drinfeld-Sokolov case, because X(o) does not 
preserve either of the gradings introduced. To rescue the situation - partially - 
denote by I? £ YjndC°"/'^+' {Ln+,M) the operator whose eigenspace decomposition 
coincides with the grading just discussed and introduce g EndC°°/^+'(Ln+, M), 
the operator whose eigenvalues are negative those of the half-sum of positive coroots 

. Specifically, we demand that 

Now notice [FBZ, A3] that X(o)j hence d = dst + X(o)> commutes with D + p^, 
and the eigenvalues of the latter provide a twisted grading of the Drinfeld-Sokolov 
reduction H^g'^^' {Ln+ , M) . This allows us to define, cf. (3.11), the notion of 
q- dimension 

(3.20) dimgH^^^+'{Ln+,M) = ^ <7"dimi/^/'+*(Ln+, M)„. 

Similarly, if M is filtered, then this filtration extends to C°°^'^~^* {Ln+, M) and 
then descends to H'^g'^^* {Ln+, M) automatically. A spectral sequence arises 

(3.21) {E;\dr} ^ i/^/'+'(Ln+, M) s.t. E',\di = H°°/^+' {Ln+, M). 

3.2.3. Drinfeld-Sokolov reduction as a derived functor. Note that each singular vec- 
tor, i.e., an element of is a cocycle: 

(3.22) M"+ ^ Z°°/^+°{Ln+,M),7n m® 1; 

this is true of any differential, d or dst, and is an obvious consequence of the 
definition. 

Theorem 3.4. (1) IfP G Ok is filtered by Verma modules, then H^g"^^^ {Ln+, P) ~ 
for alli^O [Al]. Furthermore, if k = -h"" , then H^^^^° {Ln+ , P) is a free Z- - 
module (see (3.9)) on generators [v\ = class w, where v varies over the set of highest 
weight vectors of Verma modules that appear in the associated graded of P. 

(2) lfi>0, then i?^/^+*(Ln+, M) = for all M G Ok. 

(3) The functor H'^g^^^ (Ln+, 7) is right exact. 

(4) The class of modules carrying a filtration by Verma modules is adapted to 
the functor H^g"^^^ {Lxi+,M). 
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Let us discuss some consequences. Items (3) and (4) allow us to define, as usual 
[GelMan], the derived functors L'_ff^g^^"(in+, ?). 

Corollary 3.5. The functors H^^^'\Ln+, ?) and L'77^/^+"(in+, ?) are isomor- 
phic. 



Corollary 3.6. 



\ -I- otherwise, 



where [v^^] is the cohomology class of a highest weight vector v^j^g. 
Proof of Corollary 3. 5 . Pick a resolution of AI 

P' : > P-'^ ^ > ^ P" ^ M 

by modules with Verma filtration. By definition, L' H^g^^'^ {Ln^,7) is the coho- 
mology of the complex i/^^^^°(Ln+, P*). That the latter complex also computes 
H'^g^ *(Ln+,M) is derived from Theorem 3.4 (1) and (3) by a standard argu- 
ment; it is based on the long exact sequences of various HDs^~'{Ln+,7) that are 
associated to the short exact sequences 

^ Z" ^ P" ^ 7\/ ^ 0, 

^ z-'-^ p-'-^ ^ Z-' -^0, i>0. 

It is that argument which allows to compute the cohomology of a sheaf via its 
9-resolution. We leave the details to the interested reader. □ 

Proof of Corollary 3.6. For a commutative algebra A, a collection of elements 
a C A, and an ^-module E, denote by K'{A,a;,E) the corresponding Koszul 
complex. 

Let now z_ = {pi„ — pi(;/„), n < 0, 1 < i < rkg} C This collection being 
regular, Theorem 3.3 implies that z;M,yQ^_/iv) is a resolution of M^(2). 

Due to Corollary 3.5, the complex H°°l'^+°[Ln+,K*{Z_,z:,M^„_h'^)) computes 
H'^''^-*{Lx\+,Mi.(z))- Theorem 3.4(1) says that the latter complex is nothing but 
isr'(Z_, z; Z_), the Koszul resolution of Z/ {£) — C, where by (z) we have denoted 
the ideal generated by z. □ 

3.2.4. Proof of Theorem 3.4 (!)■ Except for the freeness assertion in the case where 
k = — ft.^, this item is proved in [A l]. First of all, [Al], Theorem 5.7 and Remark 5.8, 

i , N f if i 7^ 

(3.23) dimqHjjs{Ln+,Mx..-h^) = <y ^{x.D-p^)Y^^_^(^l_ ^oyr\.^ if ■ ^ 

cf. (3.19); note that our conformal grading convention is different from that in 
[Al]. Next, if P is an arbitrary module with Verma filtration, then there arises 
the standard spectral sequence associated to this filtration, which is easily seen 
to converge to H^g{Ln+, P). The vanishing result (3.23) implies that (a) the 
spectral sequence collapses in the first term, (b) H}jg{Ln+, P) = if i 7^ 0, (c) 
Hl)g{Ln+, P) is filtered so that the corresponding graded object is a direct sum 
of various i/^g(Ln+, M^.-^v ), one for each Verma module occurring in the Verma 
composition series of P. 

As to the freeness assertion, let us start off by making an informal remark. If vx is 
a highest weight vector of M^^fc, then according to (3.22) it determines a cohomology 
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class, [vx]. Note that its twisted degree, sect. 3.2.2, is precisely {X, D — p^). Since 
the g-dimcnsion of Z_ is clearly Hjlill ~ Q^')~''^^, the second line of (3.23) is a 
strong indication that [ti;^] freely generates i?^^(in-i_, M^.-ziv ). Let us prove that 
this is indeed the case. 

Let W\ C be the maximal subgroup that satisfies 

M^A o A c A + Q, 

where Q is a root lattice. 

Proceed by induction on the minimal number of reflections in Wx needed to 
reach A starting at the antidominant weight fi. 

Basis of induction. Theorem 9.5.1 of [F3] establishes an isomorphism of M^^_/jv 
and the Wakimoto module Wp,-/iV. That H'^g'^~^^{Ln+,W^^-h^) is a free Z-- 
module generated by 1a is well-known: Wp,-/iV being free over n+ (E) C[t~^]t~^ and 
co-free over n+[t\ implies that £r^g^^"(Ln+, W^.-^v ) is what is denoted in [F3], 
Lemma 9.5.2 by Fun Conn(f2^'')^, to be identified a page later, [F3], Theorem 9.5.3, 
with Fun OpiQ(iI')jj;(_^(_p) , which is translated into our notation as Z^. 

Induction step. Suppose the freeness has been verified for some A G W\ o fi. 
Pick a simple reflection Sa S W\ so that o A ;^ A, where >- stands for the 
partial ordering defined by the minimal number of reflections. It is an immediate 
consequence of the Kac-Kazhdan equations [KK] that, at the critical level, there is 
a singular vector 

(3.24) ^ Vsing e (M"+_,jv)A+n(Q-(a,pV)5), n = -{X + p,a^), 

where the 2nd subscript denotes the corresponding weight. 

Lemma 3.7. Wsing can be chosen so that the corresponding cohomology class [t'sing] 7^ 
0. 

Let us show that this lemma implies //^^^^^"(Lri-)-, Ms^oA,-ft^) is a 
free Z_-module. A singular vector Wsing determines an embedding 
Ms^oA,-/iv MA.-h^, hence a Z_-module mor phismi/^f +"(Ln+,M,„oA.-/.v) ^ 
i?^/^'''°(Ln+, Ma,-;iv ). Now note that the choice of the weight of Wsing is such that 
the twisted degree of Wsing (sect. 3.2.2) equals that of a highest weight vector of 
Ma. Therefore, as the g-dimension formula (3.23) shows, if non-zero [vsing] is the 
cohomology class of a highest weight vector of Ma,-/iv . By the induction hypothe- 
sis, [losing] generates i/^^^''"°(Ln+,MA,-hv). Hence iJ^/^''"°(Ln+, M,,^oA,-/iV ) 
lf^g^'''°(Ln+, Ma,-/iv ) is a surjection. But dimg77^^^^*'(Ln+, Ms„oA,-/i'^ ) = 
dimg7?^g^^"(Ln+, Ma,-./iv ), another application of the ubiquitous (3.23). Hence 
H'^g'^'^^ {Ln+.Wls^oX.^h'-') ^^D5^'''°(itt+, Ma,-/iV ) must be an isomorphism. 

Since extensions of free modules by free modules split, i7^g^^"(in+, P) is a free 
^--module for any P with Verma filtration. 

Proof of Lemma 3.7. For the purpose of this proof identify Ma,-/!"^ with U{n-) 
by making a choice of a highest weight vector v\. We are after a singular vector 
Sole C°°/2+°(Ln+,MA,-hv), 5* G f/(n_), that is not in the image of d. The 
action of d is described by 

X (E) ij^ai-nX ^ {c-ai-n + 5n,i)x 1 "f '0V'*(---) if Q^i G ^+ is simple, 
X ® V'a,-nl ^ Gq, _„a; ® 1 -|- if a G A_|_ is not simple. 
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The former of these equations impUes that the contribution of d evaluated on a; 
necessarily destroys homogeneity (Poincarc-Brkhoff-Witt theorem). Hence 
choosing S to be homogeneous, we ensure that S may belong to the image of d 
evaluated only on the linear combination of x (8) ipa,-ni, where either n > 1 or 
a G A_|_ is not simple. This means that if S is at all in the image of d, then S is in 
the ideal of U{n-) generated by the commutator algebra [n_,n_]. But a 'generic' 
S is not like that; here is its construction. 

Recall that according to [K [\] if the linear equation 

(3.25) {X + p^a"") =neZ^ 

holds for some a G A-|_ and n, then there is a singular vector S of weight A + (A + 
p, a^)(— a + mS), for each m > 0. Furthermore, (3.25) determines a hyperplane 
inside f)*, and, for m and n fixed and A generic, there is a unique up to propor- 
tionality such singular vector. A little thought will show that then these singular 
vectors include into a family, Sa.m,nW, of elements of J7(fi_) that depends on a 
point A of the hyperplane (3.25) polynomially. The fact of the matter is that this 
family can be chosen to be as follows 

(3.26) 5™(A)-/o™''/r---/r" + --- , 

where {/o, /i, • ■ ■ /«} are the canonical generators of n_ and ■ • ■ stand for the poly- 
nomial with values in the ideal generated by the commutator algebra [n_, n_]. This 
fact must be easy and well known; let us show how it follows from [MFF]. 

Sa.7n,nW IS presented in [MFF] as a monomial /^^'^ ■ • ■ f^^" , where Xi^ , is 
a certain collection of complex numbers depending polynomially on A. The equality 
Sa,m,n{^) = fi^^ ' ' ' fi^" is Hot SO much the assertion that 'the LHS equals the 
RHS" as it is an algorithm to re- write the RHS so as to obtain the LHS. The 
algorithm is based on a repeated use of the identity 

fif! - fifi + • • ■ , 

where • • • stand for the terms that polynomially depend on x,y and belong to the 
ideal of the universal enveloping generated by the commutator subalgebra; this 
identity is valid in any, e.g., free Lie algebra on 2 generators. Re-arranging the 
monomial f^^'^ ■ ■ ■ f^^'^ so as to collect the powers of each fi together we obtain the 
desired (3.26). 

3.2.5. Proof of Theorem 3.4 (2). Given M G Ok, consider a resolution of M by 
modules with Verma filtration (3.6). An application of the long exact sequence of 
cohomology gives, for each i > Q and ?7 G Z, a chain of isomorphisms 

YnH°°''^^\Ln+,M) ^ F„i/°°/2+*+i(Ln+,Z") ^ 

Making sure that the resolution P' is one from Lemma 3.1, we see that 
F„i7°°/2+J+i(Ln+, = {0} if j > 0. □ 

3.2.6. Proof of Theorem 3.4 (3). If ^ A ^ B ^ C ^ is exact, we obtain the 
long exact sequence of cohomology 

. . . ^TJ^f +°(Ln+, A) ^ if^f +^in+, B) ^ i?^i^+°(Ln+, C) - 

jy^i^+\Ln+,A)^.... 

22 



The right exactness fohows, because by virtue of Theorem 3.4 (2), iJ^^'^^^(Ln+, A) = 
0. 

3.2.7. Proof of Theorem 3.4 (4)- Being adapted means [GelMan] that (a) each 
module has a resolution by modules with Verma filtration, (b) if a complex P* 
consisting of modules with Verma filtration is exact, then 7J^g^~''°(Ln+, P*) is also 
exact. Item (a) is the assertion of Lemma 3.1. Item (b) is a standard consequence 
of Theorem 3.4 (1) and (3): present an exact sequence 

> p-" ^ > P° ^ 

as a chain of short exact sequences 

0^ z-^ ^ p-i ^ p° ^ 0, ^ z-^-^ ^ p-^-^ z-^ 0,j > 0. 

Then an induction on j, using Theorem 3.4 (1) and (3), will show that 
• • • - i/^i^+°(Ln+, P-") ^ • • • ^ H^/'+\Ln+, P") ^ 
is the composition of the short exact sequences 

^ +"(in+, Z-i) ^ +°(Ln+, P-I) ^ ff^^f +"(in+, pO) ^ 0, 

i/^f +°(in+, Z-^-') ^ i/^f +"(Ln+, P--'--!) -> +°(Ln-,, Z'^) ^ 0, j > 0, 
and is, therefore, also exact. 

4. Proof of Theorem 1.1 

4.1. Resolution. We shall work in the setting of sect. 2.2.7 

The Cousin resolution of C^^ w.r.t. the filtration of X by {X^,, w £ W} reads 

(4.1) !■ !■ iid,+iid-Ci^o ^ ©u)6vy(i) *ii',+*u)'^'^o ^ ©u)6vy(2)*«i,+V,-Ci/o 
Note that 

(4.2) r(x,*^,+*;/:,j = A/^,,^, 

the contragredient Verma module. 

Let ■'^^^(j;) stand for ZhUi,i^z){'i'w,+i*u]i^vo 

), see (2.28). 

The functor Zhu^(^z) is exact [ACliM], and its application to (4.1) gives a reso- 
lution in the category of ^^''''"-modules 

(4.3) -^1%) ffiu,ew(i>-^l^(z) ^ ffituew(2)-A^l^(z) ^ • • • ■ 
Lemma 2.6 implies 

i?'(X,A<-(,)) = Oif i>0. 

Since the class of sheaves with vanishing higher cohomology is adapted to the 
functor of global sections, the complex 

(4.4) 0~.r{X,Ml%) ®^emi)r(X,X-,)) ^ ®^em^)r(X, ,)) ^ ■■• . 

computes the cohomology {X, Cf^^^-^ ) ■ 

Now recall (2.38) that T{X, M'^^^,-^) is precisely the u)-twistcd Wakimoto module 
W™, V We can summarize our discussion as follows. 

Lemma 4.1. The cohomology of the complex 

(4.5) ^ Wt%) ^ ©„ew(i)W:r(.) - ®^6H'(=)W:r(.) ^ • • • ■ 

h 



is isomorphic to H'{X, C-^l^^^). 
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Both items of Theorem 1.1 follow from this lemma, the first easily, the second 
after some work. 

4.2. Proof of Theorem 1.1(1) and formula (1.7). First of all, the definition 
used in Theorem 1.1(1), 

dimX 

i=0 

has been made sense of: x{^t\z)) being a sheaf of filtered, see (2.30), g-modules, see 
Theorem 2.4 (4), the cohomology groups i/*(X, are objects of 0^(^z)on, the 

full subcategory of Ocrit, cf. sect. 3.1.1; their formal characters, chH^ {X , C^'^^^^) , 
are discussed in sect. 3.1.5 
Lemma 4.1 implies 

Since, see (3.15), 



+ CXD 

^w=e"'"" n (i-e-")-'xn n (i-e-«-"^)-ix n (i 

Q6A+ Ti=l QeA+ aeA_ 



(4.6) rewrites as follows 

(4.7) x{c%)) = I E (-i)'(^"^e,"'°- n (1 - ^~"y 

+ OC 

n (1 -e"""""^)"^ n (i-e""""*)"\ 

which is Theorem 1.1(1) in a slightly expanded form. In order to obtain (1.7), we 
have to let e" 0, a G A, and set e^* = q. In the limit, the first factor in (4.7) 
equals dimVi/Q (the Wcyl character formula !), and (4.7) becomes 

+ 00 

XP{C:1)) = dimKo 11(1 - g»)-2dimX^ 

as desired. 

4.3. Proof of Theorem 1.1(2): the case of a homogeneous character. Since 
each is G-equivariant, H'{X, -C^^^^) e 0^^it.,.{z)o^^ full subcategory of Ocnt 
that consists of those g-modules where the action of g C g integrates to an action 
of G. This category being semi-simple with a unique simple object [FG3], we 

obtain 

(4.8) i^^(^,/:^t^)) = ®r=iV.(.)[n,,], 

for some nonnegativc integers nii and {riij}, which we have to determine. The 
meaning of Vi.(2)[ny] is as follows: the LHS of (4.8) is filtered via (2.30); each 
^i^iz) appearing on the right inherits a filtration, and the inherited filtration can 
be different from the natural one, see sect. 3.1.5 by a shift; this shift is denoted by 
[riij]. 
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It is proved in [FG-']] that the Drinfeld-Sokolov reduction functor extracts these 
numbers: 



(4.9) {Ln+,H\X, Cl%^)) = | 



(j-^ ^ch ^•{\ ^ f ©^iC[n,y] if fc = 

otherwise. 



It is easy to interpret (4.9) is a computation of the cohomology of a certain double 
complex. Let 

and extend (4.5) to a double complex 

(4.10) K" = ®pqKP'^, KP'^ = {C^^^+P{Ln+,C''),dDs + d), 

where by d we have denoted the differential of complex (4.9). 

Either of the two spectral sequences associated with KP'' converges to i?^^'^^(/v ") 
because complex (4.9) is of finite length. What (4.9) says is that one of these spec- 
tral sequences collapses in the second term and 

(4.11) H^dosUK") = (BT=i^[n^,]. 

We will compute another spectral sequence (not without a twist) thereby proving 
the following 

Lemma 4.2. If v{z) = v^/z, 

This lemma along with (4.8,4.9,4.11) implies Theorem 1.1(2). 

4.3.1. Proof of Lemma Since v(z) — vq/ z, each is a graded g-module, and 
we can dualize^ to obtain {C^Y ^-nd 

k" = (BpqKP", KP" = {C^/^+P{Ln+, {C^Y^^dos + d). 

Since V,^(^) is irreducible, iyy^/zY = ^yo/z and the argument that led above to 

(4.11) can be repeated to give us 

(4.12) Hl^sUK") = ©Ji'iCK-] ^ W.^^^K"). 

Therefore, it suffices to prove Lemma 4.2 with K" replaced with K" . In order to 
do this, consider that spectral sequence {EP'^} where 

£;f9 = 77^/'+«((CP)"). 

Now we wish to compute {iSf}. 

Lemma 4.3. 

^vajz wovo/z 

Lemma 4.3 implies 

(W-/J^SiM,„o.oA. 

Since {CpY = ®w(iW^v)(^uo/zT^ ^1°^ known to be ®y,(zw^v)^wouo/zi Corollary 3.6 
gives 

otherwise. 



(4.13) 



^this the only place, where the homogeneity assumption u{z) = vq/z is used 
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where C[(i'o — w o j/QjP^)] is spanned by the class of the highest weight vector of 
M^oiyo/z! note that the grading shift is precisely the one obtained by placing a 
highest weight vector of M^^/^ in degree component and then using the twisted 
grading as defined in sect. 3.2.2. The following dimensional argument shows that 
all higher differentials vanish. The cohomology classes recorded in (4.13) are rep- 
resented by the highest weight vectors Iwoi^o ^ ^™o/z- The twisted degree, the 
one that is preserved by the differential of the double complex (4.10), of lii,o;yo is 
(w o 1^0, p^). The differential di that operates on E** is induced by the differential 
of complex (4.5). The latter (by the construction of the Cousin resolution (4.1)) is 
a direct sum of the maps 

^uo/z ^ ^l„/z with v>w, l{v) = l{w) + 1. 

Since is regular dominant, (w o i/g, p^) < {v ovq, p'^) provided w < v. Hence Ef'^ 
and Ef~^'^ have different twisted degrees, which makes c?i be equal to zero. The 
vanishing of higher differentials is obvious. This concludes the proof of Lemma 4.2. 

4.3.2. Proof of Lemma 4-3. This proof is but a version of the argument in [F3], 
sect. 9.5.2, just as Lemma 4.3 is a generalization of Proposition 9.5.1 proved there. 

The universal property of the Verma module implies the existence of a non-zero 
morphism 

Dualizing we obtain 

In order to prove that this map is an isomorphism, it suffices to prove that WJJ'^y^ 
has a unique up to proportionality singular vector; in which case it may only belong 
to Cljiioi/o . Formally, we want to prove that 

(4.14) (W-/J"+ =Cl^o.o- 

Consider the Lie subalgebra Li(;(n+) n n+. By construction, WJ^^^^ is co-free as 
an Lw{n+) n n-|--module; this sort of assertion has been the cornerstone of the 
Wakimoto module theory since its inception, cf. [F3], sect. 9.5.2. Informally 
speaking, if U"^ is the maximal unipotent group that corresponds to ?i'(n+), then 
U"^ n U''^ acts freely on f/'^, hence co-freely on C[U''^]. Since n U'"^ and U''^ 
are affine spaces, this translates into the co-freeness of the action of the Lie algebra 
I/W)(n-|-)nn+ on C[?7"^]. The passage to the space of loops in L/'^ is straightforward. 

being co-free as an L'w{n+) D n+-module means that (W™ y^)^ is a free 
module over the "opposite" subalgebra, Lu;(n_) fl n_. Therefore, 

(4.15) O^Z/z)" = UiLwin.) n ft_) ®c U 

for some graded subspace U C (WJ^^^^)'^. The space of co- invariants is 

Dualizing back one obtains the space of invariants 
or, in terms of formal characters, 

chW"' ; 

^ ""Z'-' chC7(Lu;(n_) nn_) 
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= U. 

Lw{n-)r\n- 



One has the character formula 



chU{Lw{n_) nn_) 

aew(A+)nA+ aew(A+)nA_ 
n > n > 

Dividing (3.15) by the latter we obtain 
(4.16) 

(chW'^''^/J^"'("+)'^"+ = 

6™°"" Yl (l-e""""*)^i Yl (1 - e-"-"-^)-! 

aew(A_)nA+ aew(A_)nA_ 
n>0 n>0 

Since (WJ,';/J"+ C WJ^.^/ , it follows that if e (W;^^/J"+ is a singular 
vector of weight /i, then /.t G w o i^q + t(7((5+). Equivalently 

fi ^ w o (vq + a) for some a G Q+. 
On the other hand, the block decomposition (3.8) implies 

/i G o i/Q . 

Therefore vo + a G Wovq, but vq being dominant, this may happen only if a G 
which requires that a G Q+ Ci Q- = {0}, hence ^jl = w o vq. A glance at (4.16) 
shows that in (W™ ^^)^"'^"+-''^"+ there is only one vector of weight w o i/g, 1; (4.14) 
and Lemma 4.3 follow. □ 

In order to conclude our proof of Lemma 4.2, hence of Theorem 1.1(2) we need 
to consider an arbitrary character i'{z). 

4.4. Proof of Theorem 1.1(2): the case of an arbitrary character. Let us 

again denote by the direct sum ^w^wu)"^ v(z)- According to the key Lemma 4.1, 
we have to compute the cohomology of the complex 

(4.17) ^ C° ^ ^ > C^™-^' ^ 0. 

For an arbitrary v{z), each carries an increasing conformal filtration {F'(C-'), n > 
0}. A spectral sequence arises (yet another one!), {(i?*-' , d^)}, with 

By definition, {(BijE^ , da) is precisely the complex of Lemma 4.1 with z/(z) re- 
placed with 1^0/2. This places is in the situation of a homogeneous character, the 
case we have just considered. Hence ®ijEl^ is as asserted by Theorem 1.1(2). The 
higher differentials vanish. Indeed, all higher differentials arc morphisms of graded 
g-modules. The modules in question are direct sums of irrcducibles, and mor- 
phisms among them are determined by the images of highest weight vectors. But 
on those the differentials vanish according to the following dimensional argument: 
by construction, 

thus decreasing the conformal weight. On the other hand, the class of the highest 
weight vector [1^,01/0] be mapped only at a linear combination of classes [1moi/o] 
with u > w (another use of the construction of the Cousin complex (4.1), and 
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being regular dominant, the conformal weights of the latter are strictly greater than 
that of the former. 

That the spectral sequence converges follows easily from the fact that it lies 
inside a finite width band {(i,j),0 < i + j < dimX, i < 0}. □ 

4.5. Proof of Corollary 1.2. Since by definition 

dimX 

i=0 

Theorem 1.1 (2) gives 

x(/:e(.)) = E (-l)'^"'^e-<''«-«'°''«''''>^chV,(,), 



ch ) 
-u(z)) 



The Euler character, xi^t^z))' known (Theorem 1.1 (1)) 



Therefore 



The rightmost factor can be further factored out as follows 

j-_2y(-!i')g-(fo-woiyo,p'^)(5 _ ■J~j' _ ^-{vo+p.a'^)Sy 
weW QeA+ 

this is a well-known identity, cf. [Fit] p. 399. Plugging the latter identity into the 
above expression for chVy(2) we obtain the desired result. □ 
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